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Abstract In this paper, we use a general identity for gen-
eralized hypergeometric series to obtain some new applica-
tions. The first application is a hypergeometric-type
decomposition formula for elementary special functions and
the second one is a generalization of the well-known Euler
identity ei x ¼ cos xþ i sin x and an extension of hyperbolic
functions in the sequel. Applying the mentioned identity on
classical hypergeometric orthogonal polynomials and
deriving summation formulae for some classical summation
theorems are two further applications of this identity.
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Introduction
One of the main reasons for introducing and developing the
generalized hypergeometric series is that many special
functions [2, 15, 16] can be represented in terms of them
and therefore their initial properties can be directly found
via the initial properties of hypergeometric functions. Also,
they appear as solutions of many important ordinary dif-
ferential equations [7, 11, 20]. Hence, finding any property
of them may be valuable [1, 5, 17]. The generalized
hypergeometric function
pFq
a1; a2; . . . ap
















in which ðrÞk ¼
Qk1
j¼0 ðr þ jÞ ¼ Cðr þ kÞ=CðrÞ denotes the
Pochhammer symbol [2, 8] and z may be a complex vari-






k with ck ¼ f ðkÞð0Þ=k! for which the ratio of
successive terms can be written as
ckþ1
ck
¼ ðk þ a1Þðk þ a2Þ. . .ðk þ apÞðk þ b1Þðk þ b2Þ. . .ðk þ bqÞðk þ 1Þ :
According to the ratio test [6], the series (1) is conver-
gent for any p qþ 1. In fact, it converges in zj j\1 for
p ¼ qþ 1, converges everywhere for p\qþ 1 and con-
verges nowhere (z 6¼ 0) for p[ qþ 1. Moreover, for p ¼










holds and is conditionally convergent for zj j ¼ 1 and z 6¼ 1
if 1\A  0 and is finally divergent for zj j ¼ 1 and z 6¼ 1
if A   1:
This paper is organized as follows: in the next section,
we use a general identity for any arbitrary hypergeometric
series of type (1) to obtain some new applications. The first
application is a hypergeometric-type decomposition




1 Department of Applied Mathematics, Faculty of
Mathematical Sciences, Tarbiat Modares University,
P. O. Box 14115-134, Tehran, Iran
2 Department of Mathematics, K.N.Toosi University of
Technology, P. O. Box 18315-1818, Tehran, Iran
123
Math Sci (2015) 9:215–223
DOI 10.1007/s40096-015-0170-9
formula for elementary special functions. The second
application is a generalization of the well-known Euler
identity ei x ¼ cos xþ i sin x and then an extension of
hyperbolic functions. Applying the mentioned identity to
classical hypergeometric orthogonal polynomials and
deriving summation formulae for some classical summa-
tion theorems are two further applications of this identity.
Some applications of a general identity
for hypergeometric series
The following result is given in [18, p. 441, formula 43]
(see also [6]).
Corollary. For any natural number m we have
pFq
a1; a2;    ap















A~1;k; A~2;k; . . . A~p;k; 1










A~j;k ¼ aj þ k
m
;
aj þ 1þ k
m
; . . . ;
aj þ m 1þ k
m
 
ðj ¼ 1; 2; . . .; pÞ;
B~j;k ¼ bj þ k
m
;
bj þ 1þ k
m
; . . . ;
bj þ m 1þ k
m
 
ðj ¼ 1; 2; . . . ; qÞ;
and










Application 1. Identities (2) can be interpreted as a
decomposition formula for many elementary special func-
tions whose hypergeometric representations are known.
Example 1. Take ðp; qÞ ¼ ð0; 0Þ and m ¼ 2; 3; 4 in (2) to,
respectively, obtain


















¼ cosh zþ sinh z;





















































































Note that the first representation corresponds to the
decomposition of the exponential function in the even and
odd parts. Moreover, the general case of the three above



































¼ ð1 zÞa, identity (2)
for m ¼ 2; 3; 4, respectively, reads as















ð1 zÞa ¼ 3F2

































ð1 zÞa ¼ 4F3










































Example 3. First, replacing ðp; qÞ ¼ ð0; 1Þ in (2) for m ¼
2 yields




































Now since the cosine and sine functions can be written as




















relation (3), respectively, yields

















































Application 2. A generalization of Euler’s identity.
If m ¼ 2 is replaced in (2), then we have
By noting that z may be a complex variable, z ¼ i x in (4)
gives





























, eix ¼ cos x þ i sin x:
Subsequently, the well-known hyperbolic functions [2, 16]
can be generalized via (4) and (5) and be defined, respec-
tively, as
pFq
a1; a2; . . . ap








a1=2; ð1þ a1Þ=2; . . . ap=2; ð1þ apÞ=2







þ a1a2. . . ap
b1b2. . . bq
z 2pF2qþ1
ða1 þ 1Þ=2; ða1 þ 2Þ=2; . . . ðap þ 1Þ=2; ðap þ 2Þ=2









a1; a2; . . . ap








a1=2; ð1þ a1Þ=2; . . . ap=2; ð1þ apÞ=2







þ i a1a2. . . ap
b1b2. . .bq
x 2pF2qþ1
ða1 þ 1Þ=2; ða1 þ 2Þ=2; . . . ðap þ 1Þ=2; ðap þ 2Þ=2










a1; a2; . . . ap










a1; a2; . . . ap








a1; a2; . . . ap








a1=2; ð1þ a1Þ=2; . . . ap=2; ð1þ apÞ=2
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and











¼ cosh x ¼ 1
2







¼ sinh x ¼ 1
2
ðex  exÞ:
Application 3. A decomposition formula for classical
hypergeometric orthogonal polynomials: there are ten
sequences of hypergeometric polynomials [7, 12–14] that













ax2 þ bxþ c dx
 
ða; b; c; d; e 2 RÞ;












r x2 þ s
xðpx2 þ qÞ dx
 
ðp; q; r; s 2 RÞ:
Five of them are infinitely orthogonal with respect to
special cases of the two above-mentioned weight functions
and five other ones are finitely orthogonal [12–14] which
are limited to some parametric constraints. The following



















2iþ ð1Þnþ1 þ 2 ½n=2
 
pþ r







is a basic class of symmetric orthogonal polynomials [12]
satisfying the equation
x2ðpx2 þ qÞU00nðxÞ þ xðrx2 þ sÞU0nðxÞ  nðr þ ðn 1ÞpÞx2

þð1 ð1ÞnÞ s=2ÞUnðxÞ ¼ 0:
Table 1 Characteristics of ten sequences of orthogonal polynomials












¼ ð1 xÞuð1þ xÞv Infinite, ½1; 1, 8n; u[  1 ; v[  1



















¼ expðx2Þ Infinite, ð1;1Þ








¼ ð1þ x2Þuev arctan x Finite, ð1;1Þ, max n\u 1=2, v 2 R








¼ xvðxþ 1ÞðuþvÞ Finite, ½0;1Þ, max n\ðu 1Þ=2, v[  1








¼ xu expð1=xÞ Finite, ½0;1Þ, max n\ðu 1Þ=2
Sn

































¼ x2u expðx2Þ Infinite, ð1;1Þ, u[  1=2
Sn


































¼ x2aexpð1=x2Þ Finite, ð1;1Þ, max n\u 1=2
pSh q
a1; a2; . . . ap










a1; a2; . . . ap








a1; a2; . . . ap







¼ a1a2. . .ap
b1b2. . .bq
x 2pF2qþ1
ða1 þ 1Þ=2; ða1 þ 2Þ=2; . . . ðap þ 1Þ=2; ðap þ 2Þ=2
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For example, consider the shifted Jacobi polynomials [20]
P
ða;bÞ
n;þ ðxÞ ¼ 2F1










which are orthogonal with respect to the shifted beta dis-
tribution on ½0; 1 as
Z 1
0
xað1 xÞbPða;bÞn;þ ðxÞPða;bÞm;þ ðxÞdx
¼ n! C
2ðaþ 1ÞCðnþ bþ 1Þ
ð2nþ aþ bþ 1ÞCðnþ aþ bþ 1ÞCðnþ aþ 1Þ dn;m:
If (8) is replaced in (2) for, e.g., m ¼ 2, then one gets (see
also [10] in this regard)
Hence, two sequences of polynomials can be defined by (9)
as
and
Another classical example are the Laguerre polynomials
y ¼ L_
ðaÞ









ða[  1Þ; ð10Þ
that satisfy the differential equation [7]
x y00 þ ðaþ 1 xÞ y0 þ n y ¼ 0;













n;þ ðxÞ ¼ 4F3
n=2; ð1 nÞ=2; ðnþ aþ bþ 1Þ=2; ðnþ aþ bþ 2Þ=2







 nðnþ aþ bþ 1Þ
aþ 1 x4F3
ð1 nÞ=2; ð2 nÞ=2; ðnþ aþ bþ 2Þ=2; ðnþ aþ bþ 3Þ=2







































p ¼  nðnþ aþ bþ 1Þ
aþ 1
 4F3
ð1 nÞ=2; ð2 nÞ=2; ðnþ aþ bþ 2Þ=2; ðnþ aþ bþ 3Þ=2
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If (10) is replaced in (2) for e.g. m ¼ 3, then one gets
L
_ðaÞ
n ðxÞ ¼ 3F5
n=3; ð1 nÞ=3; ð2 nÞ=3









aþ 1 x 3F5
ð1 nÞ=3; ð2 nÞ=3; ð3 nÞ=3









2ðaþ 1Þðaþ 2Þ x
2
3F5
ð2 nÞ=3; ð3 nÞ=3; ð4 nÞ=3









See also [9] in the sense of incomplete symmetric
orthogonal polynomials of Laguerre type. Some other
works related to classical hypergeometric orthogonal
polynomials can be found in [3, 4, 19].
Application 4. The classical summation theorems of
hypergeometric series (such as the Gauss, Kummer and
Bailey theorems for 2F1 and theWatson andDixon theorems
for 3F2) play an important role in evaluating hypergeometric
series at specific points [18]. In this section, by expressing the











¼ CðcÞCðc a bÞ
Cðc aÞCðc bÞ ;
provided that Reðc a bÞ[ 0:







































Cð1þ aÞC 1þ a
2
 b 	 :
provided that ReðaÞ[  1; ReðbÞ\1 and Reða bÞ
[  1.
























provided that ReðcÞ[ ReðaÞ[ 0.
• Watson’s theorem [18]:
3F2
a; b; c
































provided that Reð2c a bÞ[  1:
• Dixon’s theorem [18]:
3F2
a; b; c

















 cÞCð1þ a b cÞ :
provided that Reða 2b 2cÞ[  2:
Now, if we substitute Gauss’s theorem into (8) for e.g.
m ¼ 2; 3, then we, respectively, obtain
4F3
a=2; ðaþ 1Þ=2 ; b=2; ðbþ 1Þ=2










ðaþ 1Þ=2; ðaþ 2Þ=2 ; ðbþ 1Þ=2; ðbþ 2Þ=2







¼ CðcÞCðc a bÞ
Cðc aÞCðc bÞ ;
and
6F5
a=3; ðaþ 1Þ=3 ; ðaþ 2Þ=3; b=3; ðbþ 1Þ=3; ðbþ 2Þ=3










ðaþ 1Þ=3; ðaþ 2Þ=3 ; ðaþ 3Þ=3; ðbþ 1Þ=3; ðbþ 2Þ=3; ðbþ 3Þ=3







þ aðaþ 1Þbðbþ 1Þ
2cðcþ 1Þ 6F5
ðaþ 2Þ=3; ðaþ 3Þ=3 ; ðaþ 4Þ=3; ðbþ 2Þ=3; ðbþ 3Þ=3; ðbþ 4Þ=3







¼ CðcÞCðc a bÞ
Cðc aÞCðc bÞ :
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The general case of the two above identities for any natural
m is as
And the general case for Gauss’s second theorem takes the
form
and for Kummer theorem takes the form
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A ¼ CðcÞCðc a bÞ
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m
; 1
k þ ðaþ bþ 1Þ=2
m
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m
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and for Watson theorem takes the form
and finally for Dixon’s theorem takes the form
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